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ABSTRACT; In recent years, researchers have studied the use of different iteration processes from fixed point
theory for the generation of complex fractals. Examples are the Mann, the Ishikawa, the Noor, the Jungck-Mann
and the Jungck-Ishikawa iterations. In this paper, we present a generalization of complex fractals, namely
Mandelbrot, Julia and multicorn sets, using the Jungck-CR implicit iteration scheme. This type of iteration does
not reduce to any of the other iterations previously used in the study of complex fractals; thus, this

generalisation gives rise to new fractal forms. = "% T¢whem= ac G \we nrove a new escape criterion

for a polynomial of the following form and present some graphical examples of the obtained complex fractals.
Key words : Julia set; Mandelbrot set; Jungck-CR orbit; escape criteria.

I. INTRODUCTION

A very common method of generating fractal patterns in the complex planeis the repeated iteration

of a complex function / :C Cin the following way:

2, =1(z,). &)

where ; depends on some constant ¢ Cand 2z, Cis the point from a considered area of the

complex plane [3 8]. The two most famous examples of such fractals are the Mandelbrot and Julia

sets.

The Mandelbrot and Julia sets are some of the best known illustrations of a highly complicated chaotic
system generated by a very simple mathematical process. They were introduced by Benoit Mandelbrot in the
late 1970s [27], but Julia sets were studied much earlier, namely in the early twen- tieth century by French
mathematicians Pierre Fatou [10] and Gaston Julia [17]. While working at IBM, Mandelbrot studied their works

=1

. z2 + Buildi them, h .
and plotted the Julia sets for. ~ GULAREONTEL I 1o plotted the Mandelbrot set. He was surprised by

his results. Since then, many mathematicians have studied different properties of the Mandelbrot and Julia sets
and proposed accordingly various gen- eralisations. The first and most obvious generalisation was the use of the
ZF T function instead of the quadratic one used by Mandelbrot [8, 26]. Further, additional types of
functions were studied: rational [32], transcendental [9], elliptic [24], anti-polynomials [6] etc. Another
development, build- ing on the study of the Mandelbrot and Julia sets, was the extension from complex numbers
to other algebras, e.g. quaternions [7], octonions [15], bicomplex numbers [23] etc.
In recent years, some researchers have focused on a different kind of generalisation. They used results that can
be found in fixed point theory. In this theory, we can find methods of locating fixed points that replace the
feedback process (1) with other types of iteration processes. The use of differ- ent iteration processes began in
2004 in the works of Rani and Kumar [36, 37]. They used the Mann iteration and proved new escape criteria for
the generation of the Mandelbrot and Julia sets using this type of iteration. Further studies on the use of different
iteration processes were conducted, focusing on two in particular. The first type, like the Mann iteration used by
Rani and Kumar, was an explicit process. Examples of processes of this type that were used to generate the
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Mandelbrot and Julia sets are the following: Ishikawa [5, 14], Noor [2], S [22] and Abbas [25]. The second type
of iteration process is an implicit one. In the literature, we can find the use of the Jungck-Mann [28], Jungck-
Ishikawa [28] and Jungck-Noor [21] iterations, which are examples of such processes. Moreover, studies on the
noise-perturbed versions of the Mandelbrot and Julia sets generated by the different iteration processes were
conducted [1, 29, 35].

The Mandelbrot and Julia sets are not only interesting from a mathematical point of view. They have
applications in other fields also, e.g. physics [3], biology [4] and robotics [45]. One of the most natural
applications of the Mandelbrot and Julia sets — because of their beauty — was their use in computer graphics. The
sets were used as a source of aesthetic patterns [44, 46], for creating realistic phenomena and landscapes [11] or
for image manipulation [40]. In [42], Sun et al . have used Julia sets
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as the base for creating a dictionary with domain blocks used in fractal image compression. Moreover,
in [41], Sun et al. have proposed an image encryption algorithm in which Julia set parameters are used to
generate a random sequence as the initial keys for the algorithm. Another example of complex fractals generated
using (1) are fractals obtained with the help of complex polynomial root finding methods, known as
polynomiography [19]. In this type of fractals we visualise — in different ways — the process of root finding of a
given polynomial. The literature describes various root finding methods, which contribute to the great number of
fractal patterns ob-tained through them. Moreover, in the case of polynomiography a study on the use of various
iteration processes was conducted [12, 13, 20, 34], which allowed to extend the variety of the obtained fractal
patterns.
In this paper, we focus only on the Mandelbrot and Julia sets. We define the Jungck-CR orbitand show how to
use it to generalise the feedback process used to generate Mandelbrot and Julia sets. Moreover, we prove the
escape criterion for a complex polynomial of the form

g® -gz togs

, Where a,c C.

The paper is organised as follows. In Section 2, we give definitions for the Julia, Mandelbrot and multicorn sets
together with the escape time algorithm for their generation. Moreover, we define some of the iterations that
were previously used in the study of complex fractals. In Section 2, we define the Jungck-CR iteration and we
discuss how to use this type of iteration for the generation of complex fractals. Moreover, we derive the escape
criteria for the m-th degree polynomial. In Section 3, we
present some examples of Julia, Mandelbrot and multicorn sets in Jungck-CR orbit obtained with the
escape time algorithm. Finally, in Section 5, we present our concluding remarks.

I1. PRELI MINARIES
In this section, we provide the preliminary definitions that form the basis of our work.

filled Julia set of the polynomial fimction Q{’ -C Cis connected_ ie.
M ={c C: KQs is connected } (3)
The Mandelbrot set can be equally defined in the following way [43]
M=f Clor@E) & asn 8 O

where

R

3B

* isany criical pointof  Q_ . ie. O (z*)}=0.

Definition 3 — (Multicorn). Let 4 (z)= zr + ¢c.where ¢ C. Themulticom M * for 4 is

defined asthe collection of all ¢ Ctowhich the orbit of 0 under the action of A _ isbounded, ie
M®*={c C.l42@)] & asn 8} (5)
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Definition 1 — (Julia Set). Let Q, :C C be a polynomial function that depends on ¢ C.The
g

filled Juliaset K, of the funcion _ is defined as

&

vy

K, =@ C.le0@| & asn 8 @

where Q% (z)isthe n-thiterate of the fncion Q@ .TheJuliaset J, ofthefimcion Q, isdefinedas
[ & L. L3

the boundaryof K, .ie J, =K

=i L =%

Definition 2 — (Mandelbrot set). The Mandelbrot set M consists of all parameters ¢ to which the

el

The multicom for m =21is called the tricom.

The most widely used algorithm to generate images of Julia, Mandelbrot and multicorn sets is the
escape time algorithm. The colour of each point in the algorithm is determined based on the number of iterations
necessary to evaluate whether the orbit sequence tends to infinity or not. In order to establish whether the orbit
escapes or not we use the escape criterion. For instance, for the classical Mandelbrot and Julia sets, i.e. sets

defined by
Mandelbrot and Julia sets, i.e. sets defmed by QO (z)= z? + c.the escape criterionis the following

L3

if there exiss k= 0 such that
G} (2)|> max {le|. 2}, (6)
then Q2(z) §  asn &
We call the right side of (6) the escape threshold (or bailout value). This threshold can be different

for different finctions @, and playsa veryimportant role in the generation of Mandelbrot and Julia

sets

The escape time algorithms for the generation of Mandelbrot and Julia sets are presented in Al-
gorithm 1 and 2 respectively. For the generation of multicoms, we canuse the same algorithm as for

the Mandelbrotset. butwith 4 _ instead of O and the critical pointsetto 0.

In fixed point theory, there are many theorems and methods that allow one to find fixed points in a
given mapping. One of the main foci of the theory is the iterative approximation of fixed points. For
this, we use different kinds of iteration processes. Let us recall some of them.
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Algorithm 1 Mandelbrot set generation

Requre:(} . :C C -polynomialfimction. A C - area K- the maximm
number ofiterations, coloymmap(0..C - 1] —geloymmap with C colours.
Ensure: Mandelbrot set forthe area A

1. fore Ado
2 E.= calculate escape thresheld
a: n=10
4 z = eritical point of Q) .
5 whilen=EKdo
& F4 =Q s{za )
T if|= o1 | > E then
break
endif
10: n=n-+1
11: end while
12: 1=(C-1) :
13: coloyr ¢ with golonmman ]
14 gndfor

Algorithm 2 Julia set generation

Fequire: 2 C C-polynomial function,c - parameter, A C
—area. K — the maximum number of iterations, golounmap[0.C-1]-
coloummap with C colours.

Ensure: Julia set forthe area A

F.= calculate escape threshold

—

2. forz A Ado

3: n=10

4: whilen=EKdo

5 Zo =Q c {Za}
&: if|z 1 |=F then
T: break

B endif

o n=n-+1
10: end while
11: i={C-1) K
12: colowrz , with col ourmap(i]
13- endfor

Definition 4 — (Picard iteration [33]). Let T:X X be a mapping on a metric space ( Xd),

where d isametricandlet x, X  beastarting point. The Picarditerationis defined as follows:

Yy = T(x)om =012, ... Q

The sequence {Jg&}a w 1scalled the Picardorbitof  x .
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Definition 5 — (Jungck iteration [18]). La $J1 X X  bemappings onametricspace{ Xd ).

where disametricandlet x, X  beastarting point. The Jungckiterationis defined as follows:
5{\]‘;3—1 ): I(¥&)=” =D,1,l____ (8)

The sequence {x,}, , iscalledthe Jungckorbitof  x, .

Definition 6§ — (Jungck-Manniteration [39]). Let S 7 X X bemappings onametric space
(X d ). where g isamefricandlet x, X  beastartingpoint. The Jungck-Mann iteration is defined

as follows:
S, )= -a )s(x,)+al(x,).n =0.12_, (9
where @ (0, 1] Thesequence  {x /,  is called the Jungck-Mann orbit of Xo-
Letus notice that the Jingck-Mann iteration reduces to the Jungck iteration if a =1, and to the
Picard iterationif S(x )= x and g =1.

Definition 7 — (Jungck-TIshikawa iteration [31]). Let 5T X X be mappings on a metic

space( X 4 ). where gisamemicandlet x, X  beastarting point The Jungck-Ishikawa iteration
is defined as follows:
S@pa )= -g ¥5(x, )+ al (4, ).

SG,)=(1 - )S(x,)* BT (x)m =012,

(10)

where 2 (0,1]and # [0, 1] Thesequence {x } . iscalled the Jungck-Ishikawa orbit of Xy -
Letus notice that the Jungck-Ishikawa iteration reduces to the Jungck-Mann iteration if B =0.

Definition § — (Jungck-Noor iteration [30]). Let ST X X be mappings on a mefric space

(X d) where disametricandlest x, X  beastarting point. The Jungck-Nocr iteration is defined

as follows:
S(xya )= -g ¥S(x, )t al (3y).
S )= -8 )8+ BT (). (1
S(u, )= - )S(x )+ T (x,)mn =0,1,2,.,
where ¢ (0, 1]and 8, [0, 1]. The sequence {53}5 w15 called the Jungck-Noor orbit of Xo-
Letus notice that the Jingck-Noor iteration reduces to the imgck-Ishikawa iteration if =0.

This is the most general iteration of the above.

Let us notice that the Jungck-Noor iteration reduces to the Jungck-Ishikawa iteration if
=0.
This is the most general iteration of the above.

10
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3. M ANDELBROT AND JuLia SersiN Jungck -CRO peIT

Let us notice that the Picard iteration is the iteration used in the generation of complex fractals. In the
literature, we can find studies that have replaced the Picard iteration with other iterations, e.g. with the
ones presented in Section 2 [21, 28]. In this section, we show how to use one of the implicit iterations,
namely the Jungck-CR iteration, for the generation of Julia, Mandelbrot and multicorn sets.
Let us start with the definition of a Jungck-CR iteration and its orbit.

Letus start with the definition of 3 Jungck-CR iteration and its orbit

Definition 9 — (Jungck-CR iteration [16]), La ST X X be mappings on a metric space
(X d ). where gisameticandlet x X  beastarting point. The Jungck CR iteration is defined as
follows:
S(x, )= - )5y )7 al (3,),
Sy )= -8 )T (x,)+ BT (y,). (12)
S(u}=(1 - IS+ T (x)n =0,1,2,...,

where ¢ (0, 1]and 5, [0, 1]. The sequence {ga}& y 15 called the Jungck-CR orbit of Xg-

Let us notice that the Jungck-CR iteration does not reduce to any of the discussed iterations: Picard, Jungck-
Mann, Jungck-Ishikawa, Jungck-Noor. Thus, using this iteration creates a completely new orbit and, by
consequence, new fractal sets. In the Picard orbit we use only one mapping and in Jungck-CR we have two
mappings. Thus, if we want to replace the Picard orbit with the Jungck-CR orbit, we need to take into account
the different number of mappings in the iterations. We handle this in the following way. Let

In the Picard orbit we use only one mapping and in Jungck-CR we have two mappings. Thus,
if we want to replace the Picard orbit with the Jungck-CR orbit, we need to take into account the

different number of mappings in the iterations. We handle this in the following way. Lat g, :C C
be a polynomial function. We deconstruct O intotwomappmngs 5,7 insuchawaythat @ = T-§
and S isinjective. In the case of multicoms. we deconstuct 0’ (z)= 0Q,(z)inthe following way:

@ = T-5 ,where T = 4 and 5 isinjective. Of course, this type of deconstruction restricts the
choice of the polynomial functions that can beused. With the deconstruction, we alsoneed to derive

anew escape criterion for the mappings and (12).
In the following subsection we prove the escape criterion for a class of polynomials.
3.1 Escape criterion for a complex polynomial of the form zm -gz t¢

Let Q (z)= z% -gz + ¢.where m { 2,3...} and g ¢ C Wedeconstmer @ in the following

L3

way: T(z)= z» = ¢cand S(z)= gz.

Theorem 1 — Assumetha |z|=|c| = W+ lal) =tz =] > W= laly =tz =e| =
a [}

11
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1
W= @) =t where g B, (0. 1] and define {53 }3 w asfollows:

50z, )= -2 )SQ, )+ al (y,).

S(y,)=01 - )T(z)+ 6T (u,), (13)
S(w)=1 - ISE)T T (g)n =012,
wheregﬂZg_Theng“ & an &

Proor -Because T(z)= z® + ¢.S5(z)= gz and 7, = z.wehave

Blug)l=10- )@+ T @=10- )az+ (2% + gl
Zzm el (- Dlazl= lzw; lel-lazl  + lazl
=z ® |-zl - lallz] ecamse 7| =lc| and = 1)

The above expression gives us
laug |z, )z ® |- 1+ lal}lel = |zl (2l = ' - A+ lal}-
Thus

m 1
lug | = 2], el

1+ |a|-
In the second step of the iteration we have

IS ()| = 1(1-B IT@)+ BT ()= (1§ Xaw + )+ Blup + o)l
=[-8 )z + But |-lel=Bly ®[-Blz ® |+ [2% ]|l

L
: C n
Since |z|> ¥ @) =t  whichimplies |z|m. 1“”l -1 >|z| = . hence |u, =lz| =
= |a
1I=I Iﬂl 1% =zl m = |zl m . Weget
= |2

= @B +D) 1k
=4 lz=|-|z ecause |z[=|c| andl -f= 0)
=g Jz®|- (1+ lalzl (because1+ la|= 1).
Thus

m 1

o | =lzl Bz

1+ |a|-
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L L H
Since [z] =le[> X7 1) =t and fg]=e]> MM <t so = M ED o~ thu
1
glm U=z m 1 R =t . 1% Hence
1+ |a|
Blz] m 1 w1
T A

In the third step of the iteration we have

I(1-a 35 Gp)t aT()l= 1(1-g day, + a(y + o)l
11 -g ay, + ay® + acl=gly »[- (1-g )lay,|-algl
ay®|-laly o1+ glaly o1-algl

=aly Pl-laly o |- o| (because by [=lz[=le| )

= by lalygl® 1 - A+ lal)).

18 (z; )l

Moreover, |S(z, )| = az,.Thus

o !
N e . alv 1
|£1| b‘ﬂ'vvll,l_'_lal_

1
Becawe b |=lzl and = T Cdwe B0 = T > 2 Therefor,
b, | dE.M L1 =z @kl ™' _ 1 Byconsequence
I+ |a 1= |al R
w1
z |=|z|aB |z
o |=klggll |,
1 1 L 1
Since [z|> M* @) w ¢ [z[> M= @) = ¢ and z|> 20 ) = ¢ sol|m M &) =t
a 7 e af
Bv consequence, ﬂf'i' Iul- " - 1= 1. Therefore thereexists > 0 such that @”51' IT N N
= |a = |a

Consequenty, |z, |> (1+ )lz| . Inparticular. |z, [>|z| .Thus, wemay applythe same argument
repeatedly to find |z& |= (1+ )nlz|.This way,the orbitof  z tends to infinity, which completes the

proof. 2
Corollary 1 — Suppose that

201+ D 2(1+ . 2(1+ -
| > 1+ lal) el ( ; lal) and [c]> 1+ lal) , 14)

s}

then the Jungck-CR orbit escapes to infinity.

13
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Corpllary 2 —(Escape Criterion). Let a pf. (0, 1]and
21+ la) &0 20+ lal) o 20+ ) L
zZl= max el . . (15)
a g
thenthereexiss > 0,suchthat |z, |> (I1+ Jnlz[ and |z, | & asn &
Corollary 3 — Suppose that
21+ al) -0 20+ lal) . 200+ la) <.
7> max el , (16)

S a ! B

ke

W

forsome £= 0.Then.thereexiss = 0, such that |zk_&|:= 1+ }&|zk|m|za| & as 8

1IV. EXAMPLE
In this section, we present some examples of the Julia, Mandelbrot and multicorn sets images ob-tained
using the Jungck-CR orbit and the escape criterion derived in Section 3. The images were generated using the
escape time algorithm that was implemented in Mathematica. The times required for generating the images were
between 5 and 7 seconds on a computer with an Intel Core i5 (2 GHz) processor and 3 GB of RAM.

Examples of Julia sets in Jungck-CR orbit

The first example presents Julia sets for Q. (z)= 23 +(3 /2)z+ ¢gand ¢ =1 .75; generated using
Jungck and Jungck-CR iterations, The obtained images are presented in Figure 1 and the parameters

used to generate them were the following:

(a) 4 =[-1.7. L7F.K =50, Jungck iteration.

(b) 4 =[ - 1.5 L5] = [- 25, 25]. K =50, Jungck-CR iteration with a=#= =0 .9.
{(c) A4 =[-2.5 25PF.K =50, Jungck-CR iteration with g=0.9 8=0.5 =0 .1
(d) 4 =[ - 3.5 3.5] = [- 6 6]. KX =50, Jungck-CR iteration with a= 8= =0 .1.

@®

©@
Figure 1: Juliasetfor Q _(2)= 2z* +(3 /2)z+ g¢and¢ =1 .757 m(a) Jungck and (b)«(d) Jungck-CR orbit

14
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Figure 2: Julia sets for various parameters in Jungck-CR orbit

From the obtained images we can observe that the Julia sets generated using the Jungck-CR iteration differ in a
significant way from the one obtained with the Jungck iteration. The shape of the set in Figure (b) is somewhat
similar to the one from Figure (), but the shapes of the sets from Figure (c) and (d) are completely different.
The change of the parameters in the Jungck-CR iteration allows us to obtain very different shapes of Julia sets
for the same polynomial used to generate them. Moreover, when we look at the area that the sets occupy, we see
that the sets obtained with the Jungck-CR iteration occupy a larger area than the set generated using the Jungck
iteration. In the second example we present various Julia sets generated using the Jungck-CR iteration. In

order to generate the images of Julia sets from Figure 2 the following parameters were used:

@) Q.(z)= z2+2z+ ¢ c=17 28+5 5i.4 =[- 28 14] x [- 28 28] K =50, Jungck-CR

iterationwih g = § = =0 .1

b) @ (z)= 23 +(3 /2)z+ ¢.c=0 .72, 4 =[ - 2.3 23P . K =350, Jungck-CR iteration with

(c) Qg(g): g4 +3 g+ c.c =3 947 1.4 =[- 25 25F, K =50, Jungck-CR iteration with
a= rg: =0 .5

From the images, we see that using different combinations of the parameters, e.g. polynomial,
parameters in the Jungck-CR iteration etc., we are able to obtain very diverse fractal patterns that
have potential artistic applications.

4.2 Examples of Mandelbrot sets in the Jungck-CR orbit We begin with an example presenting the use of
Jungck and Jungck-CR iterations. In the example,

15
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ﬂi

weuse O (z)= +3 z + ¢. The parameters used to generate the images from Figure 3 were the

(a) 4 =[-7,6]=[ 6 6]. K =20, Jungck iteration.
() 4 =[ - 8, 8F.K =20, lungck-CRiteraienwith g =0 .5.# =0 .9, =0 9.
(€) 4 =[-13,10] x [- 11, 11} K =20, Jungck-CRiterationwith g =0 .9, # =0 .9, =0 1.

(d) 4 =[ - 63,60] = [- 61, 61]. K =20, Jungck-CR iteration with

ki~
1]
=1
1l
1]
=
—

1.Looking at the images in Figure 3 we can observe that the shape of the Mandelbrot set is different

in the Jungck-CR orbit and the Jungck orbit. The number of bulbs in all the images is the same — three — but
their shape changes with the change of the parameters in the Jungck-CR iteration. We can also observe that for
different values of the a, B and parameters the three-fold symmetry of the sets remains unchanged. Moreover,
the area that the set occupies changes for different values of the parameters used in the Jungck-CR iteration.

NEW ESCAPE CRITERIA FOR COMPLEX FRACTALS 1297

@&

©@
Figure 3: Mandelbrot set for Q6 (2)= z* +3 z + ¢ m(a) Jungck and (b)<(d) Jungck-CR orbit

16
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©
Figure 4: Mandelbrot sets for various parameters in the Jungck-CR orbit

Figure 4 presents examples of various Mandelbrot sets generated using the Jungck-CR iteration and the
following parameters:

(a) Qc(g)— g2+2z+¢, 4 =[- 355 12] =[- 12,12], £ =20, Jungck-CR iteration with a =06,
=07 =02

(b) O (z)= z3+(3 /2)z+ ¢ 4 =[-3.53.5] = [- 5.5 5.5]. K =20, Jungck-CR iteration with
a=0.1.4=0.5 =0.7.

(c) Q((g)= g4 +3 g+ ¢4 =[ - 12,122, K =20, Jungck-CR iteration with a=#f= =0.5

Similar to the case of the Julia sets, we can observe from the presented images that using the Jungck-CR
iteration we are able to obtain various shapes of the corresponding Mandelbrot sets. More- over, the change of
the a, B and parameters in the Jungck-CR iteration has great impact on the shape of the resulting set.

17
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4.3Examples of multicorns in the Jungck-CR orbit

Similar to the case of the Julia and Mandelbrot sets, we begin with an example of multicoms generated

with the Jungck and Jungck-CR iterations. In the example, we present multicoms for Q: (z)=

* +3 z + ¢. The obtained images of multicomns are presented in Figure 5. For their generation, the

following parameters were used:

(a) 4 =[-7,6]=[ 6 6]. K =20, Jungck iteration

(b) 4 =[ - 8, 8F, K =20, Jungck-CR iteration with a=§#= =0.9
(c) 4 =[-15,10] = [- 11, 11] £ =20, Jungck-CR iteration with a=#f= =0.5
(d) 4 =[ - 100,60] = [- 61, 61], £ =20, Jungck-CR iteration with a=#= =0.1

From the obtained images in Figure 5, we can observe that the overall shapes of the sets obtained in the Jungck-
CR orbit are completely different than the shape obtained in the Jungck orbit. The shape changes in a significant
way with the change of the a, B and parameters of the Jungck-CR iteration. Moreover, the set in the Jungck orbit
has a 5-fold symmetry, whereas the sets in the Jungck-CR orbit lose this type of symmetry. They only exhibit a
mirror symmetry with the real axis as the line of symmetry. When we look at the area occupied by the sets, we
observe that also in this case depending on the values of the parameters used in the Jungck-CR iteration the sets
occupy different areas — for some values they occupy a smaller area and for others a larger.

NEW ESCAPE CRITERIA FOR COMPLEX FRACTALS 1299

(@ ®

Figure 5: Multicorn set for
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@)

Figure 6: Multicorn sets for various parameters in the Jungck-CR orbit

In the second example, we present various multicorn sets generated using the Jungck-CR iteration. In order to
generate the images of the sets from Figure 6 the following parameters were used:

{a) Q:(§)= 2 +2z+c. 4 =[- 16.5 85] = [- 8, 8], K =20, Jungck-CR iteration with a =0.6
#=0.7, =0.5

(b)

i

o
a=0.98=07 =07

J= 2 +(3 2z + .4 =[- 25,25]=[- 35 3.5],K =20, Jungck-CR iteration with

<k

When we look at the images, we can observe that the shapes of the obtained sets are less inter-esting in
comparison to the Mandelbrot and Julia sets. Moreover, we see that both sets have axial symmetries. The image
in Figure 6(a) has one axis of symmetry, namely the real axis, whereas the image in Figure 6(b) has two axes of
symmetry — the real and imaginary axis.

V. CONCLUSI ONS
In this paper, the Jungck-CR iteration has been introduced in the study of complex fractals (Julia sets,
Mandelbrot sets, multicorns). The new escape criterion for the Jungck-CR iteration has been established for the
m -th degree complex polynomial functions.
The Jungck-CR does not reduce to the Picard, Jungck-Mann, Jungck-Ishikawa, Jungck-Noor, nor any other
iteration studied in the literature on the generation of complex fractals. Thus, the results of this paper open up a
new class of complex fractals. Moreover, the obtained complex fractals could further extend the capabilities of
the algorithms that use Mandelbrot and Julia sets, e.g. they can expand the domain dictionary used in fractal
image compression [42] or broaden the space for the initial keys used in image encryption [41].
In future work, we will attempt to introduce the Jungck-CR and other implicit iteration processes into other
types of complex fractals, e.g. fractals obtained through polynomiography.
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